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Abstract 

We consider a class of discrete g-state spin models denned in terms of 
Oh I a translation-invariant quasilocal specification with discrete clock-rotation 

,1^ invariance which have extremal Gibbs measures fi' labelled by the uncount- 

ably many values of (p in the one-dimensional sphere (introduced by van 
Enter, Opoku, Kuelske [8]). In the present paper we construct an associated 
Markov jump process with quasilocal rates whose semigroup (St)t^o acts by 
a continuous rotation fi'^St = fJ-' v+ t- The jump rates are given in terms of 
certain expectations w.r.t. continuous-spin Gibbs measures constrained to 
take prescribed discretization values, which yields quasilocality in a regime 
of fine discretizations. We then show that the infinite- volume discretization 
l/"") , map is an equivariant bijection for the rotation action on continuous-spin 

Gibbs measures and discrete Gibbs measures. 

As a further consequence our construction provides examples of interact- 
ing particle systems with unique invariant measure, which is not long-time 
limit of all starting measures, answering an old question (compare Liggett 
|23j question four chapter one.) The construction of this particle system is 
inspired by recent conjectures of Maes and Shlosman about the intermedi- 
ate temperature regime of the nearest neighbor clock-model. We define our 
generator of the interacting particle system as a (non-commuting) sum of 
the rotation part and a Glauber part. 

Technically the paper rests on the control of the spread of weak non- 
localities and relative entropy-methods, both in equilibrium and dynami- 
cally, based on Dobrushin-uniqueness bounds for conditional measures. 
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1 Introduction 



Consider an interacting particle system with finite local state space with quasilo- 
cal rates. Consider a translation-invariant measure which is invariant under the 
dynamics. Suppose there is only one such measure. Is it true that the dynamics 
is necessarily ergodic? 

This is an old question which was picked up again in a recent very inter- 
esting paper by Maes and Shlosman [23] about dynamics of Clock models (see 
[14] . [TB] . [2] and [25]), where they conjecture that this may not be the case and 
suggest a mechanism of rotating states in discrete rotator models with standard 
scalarproduct nearest neighbor interactions at intermediate temperatures. While 
their conjectures seemed plausible, at the same time no simple proof based on 
their heuristics in their model seemed possible. 

For the more degenerated situation of discrete-time, parallel updating PCAs, 
an example was recently given in [3] . 

In the present paper we construct a dynamics for a g-state particle system (q 
possibly large but finite) which does the job: It has a unique invariant measure for 
which the dynamics is not ergodic. Our construction is inspired by the conjectures 
of Maes and Shlosman which we put to a situation where they can be proved. 
Technically it builds on earlier works of [8], [22] • However, the present main new 
idea is the definition of a rotation dynamics and proving that it can be realized 
clS cL generator with quasilocal jump rates. 

The construction hints at the existence of synchronization phenomena on the 
lattice, even for discrete local spaces. Such phenomena have been successfully 
studied in the mean-field framework of the Kuramoto model p], [3], |17j . 

1.1 Main result 

Consider an S 1 rotation-invariant and translation-invariant Gibbsian specifica- 
tion 7* on the lattice G = Z d , with local state space S 1 , which is given by an 
absolutely summable S^-invariant and translation-invariant Gibbsian potential 
$ = (&A)A^z d , w.r.t. to the Lebesgue measure A on the spheres. A standard 
example is provided by the nearest neighbor scalarproduct interaction rotator 
model. 

Assume moreover that the extremal translation-invariant Gibbs measures can 
be obtained as weak limits with homogeneous boundary conditions 

ex £0(7*) = = !™7a * '■ ¥ e S 1 } (1) 

and that different boundary conditions tp yield different measures so that there 
is a unique labelling of states n v with the angles 9? in the sphere S . This is known 
to be the case in the standard rotator model in d = 3 for A-a.a. temperatures in 
the low temperature region as discussed in [23], [13], [27] . 

Denote by T the local coarse-graining with equal arcs of S 1 to {l,...,q}. 
Extend this map to infinite-volume configurations by performing it sitewise and 
extend it also to measures. 
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Choose q ^ qo(<&) large enough so that the condition from Theorem 2.5 of 
[22] is fulfilled (ensuring a uniform Dobrushin regime for the so-called constrained 
first-layer models.) 

Define a Markov process with state space {1, . . . , q} G which we will refer to as 
the coarse-grained layer in terms of the following generator 



ieG 

with jump rates 



W)(u/) = J* (oo'ymiu'y) - vv)) (2 ) 



ci w , (w ) ) = , _ g (3) 

(a;') 1 being the discrete configuration which coincides with u/ except at the site 
i where it is increased by the amount of one unit. {oj^Y is the right endpoint of the 
interval in continuous single-spin space at i prescribed by u[. ^From the definition 
it is clear that the corresponding dynamics will be irreversible since jumps are only 
possible in one direction. Note that the rates depend on the original Hamiltonian 
in two places namely in the Hi and in the /Ugw. 

Here Hi = YjAai ® A * s t ne Hamiltonian and A t G\«[ a; G\i] is the unique continuous- 
spin Gibbs measure restricted to the volume G\i for a conditional specification 
with open boundary conditions at i and constrained to take values uc\i with 
discretization images Tuc\i = u' GS -. This object is well-defined and well-behaved 
for sufficiently fine discretization q ^ qo(&), see [8], [22], (1TTI) and below (1T2]) . For 
general background on preservation of Gibbsianness see [6], [11] and [2T] . 

Next we consider another generator K on the same space {1, . . . , q} G 

m)(co') = 2[cjc(o/, (u'y){4>((u>y) vV)) + c K (u/, (u'y-){m^T) - 

ieA 

It will be of Glauber-type in a sense explained below. Here the rates to go up 
(modulo q) and down respectively satisfy 



c K {{u>)\u>) ^[u'^ie-^U)) [ } 

with being the discrete configuration which coincides with u' except at the 

site i where it is decreased by the amount of one unit. Then we have as our main 
result the following theorem. 

Theorem 1.1 Consider a translation-invariant, rotation-invariant and continu- 
ously differentiable potential with 



2 2 e £ l%(<£ a) < f- 

AsO keG 

where e > 0. Let a > and assume fine enough discretization q ^ qo(&)- 



Zj Zj r^dk^A) < °o (5) 

AsO keG 
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1. Then L + ctK gives rise to a well-defined interacting particle system with 
quasilocal rates. 



2. The class of translation-invariant measures which are invariant under the 
associated Markov semigroup consists of a single element. 

3. There are translation-invariant measures which do not converge under the 
dynamics to the unique invariant measure. 

Notice any finite range potential or exponentially-decaying pair-potential satisfies 
(jSJ)- We further note, the requirements on the potential can be relaxed. For 
example one could replace exponential decay by polynomial decay of sufficiently 
high order as will become clear from the proof. The conditions will be presented 
whenever they get used for the first time. 



1.2 Idea of Proof 

Define the quasilocal specification 7' for the discretized model by 

M^(>yi,j) 

^l^> " mAKAA ](A»(e-«.)) ■ < 6 > 

Here = Yjasi ®A is the Hamiltonian in A and £*g\a|>'g\a] i s the unique continuous- 
spin Gibbs measure restricted to the volume G\A for a conditional specification 
constrained to take values with discretization images uj'q^, with open boundary 
conditions at A. 

The map T is injective on the translation-invariant states in the continuum 
model. More precisely we have the following 

Theorem 1.2 T is a bisection from ex £0(7*) to ex £0(7') with inverse given by 
the kernel jjL G \uj']{duj) . 

Remarkably, when we denote T(/j, v ) =: //, for a discretized measure, we have 
fjf e ex Qe{l') and we can get back from the discrete to the continuous measure 
by fi^(du) = $n' v (du/)fiG[u/l((h;). 

That Tfj, is Gibbs when fi is, is already contained in [S], [22] and uses the uni- 
form Dobrushin condition on the coarse-graining. The part that each translation- 
invariant discrete Gibbs measure has a discretization preimage in the continuous 
Gibbs measures is new and uses the Gibbs variational principle (see [16J). 



Next we show that rotation on the level of discrete states fi' can be realized 
with the generator L defined above with local jump rates. This is a main new 
structure of our paper. 

Theorem 1.3 1. The semigroup (<Sf )t>o is well-defined. 
2. S^Tfi v = Tii v+t for all t, (p. 
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In group theoretical language (t, i— > fi^+t is an 5' 1 -action on ex Ge{l®) and 
(t, fif ) >-> fj,' +t is an 5 1 -action on ex Ge(l')- The second statement of the theorem 
says that T is an equivariant map (that is a group-action preserving map). 

Technically the proof relies on the introduction of weighted triple-semi-norms 
to control the weak non-localities which are present in the rates and the spreading 
of these under the action of the dynamics. 

Having defined the discretized local specification 7' we note that the gener- 
ator K defined above plays the role of a Glauber dynamics. To understand the 
argument providing us with a unique invariant measure for the joint dynamics 
and understand better this Glauber part of the dynamics we prove the following 
intermediate result. 

Proposition 1.4 1. The semigroup (S^)t^o is well-defined. 

2. K is the generator of a Glauber dynamics for the coarse-grained specification 
7' that satisfies local detailed balance. 

3. The translation-invariant measures which are invariant under the Glauber 
dynamics (S^) t ^o are precisely the discrete Gibbs measures Ge{l')- 

To see that invariance under dynamics implies Gibbs we use an adaption of the 
relative entropy arguments of Liggett ("Holley's argument") [23] from the Ising 
lattice gas context to our situation. The standard idea here is to consider time 
derivatives of relative entropies of the time-evolved measure relative to a suitable 
finite-volume version of a Gibbs measure in A which, along with translation- 
invariance and estimation of boundary terms, produces a single-site DLR equation. 
This argument will have to be modified with new terms arising from the joint 
dynamics corresponding to L + aK which we want to consider now. The result is 
the following. 

Proposition 1.5 Let a > 0. 

1. The semigroup (S^ +aK )t^>o is well-defined. 

2. Sf +aK Tfi v = T^ +t for all t. 

3. The translation-invariant measures which are invariant under the joint dy- 
namics (St +aK )t^>o must necessarily be elements of the discrete Gibbs mea- 
sures Ge(l')- 

Obviously it uses that the Glauber part leaves the discrete Gibbs measures in- 
variant. A bit of care however needs to be taken for the second part since the 
rotation part L and the Glauber part K don't commute. However, it follows by 
arguments as above controlling also quadratic terms in L, K which use weighted 
triple-semi-norms to control the weak non-localities as above. The idea of the 
third part is this: To see that invariance under joint dynamics implies Gibbs we 
use again the relative entropy arguments and note that we have to deal with a 
sum of two terms each corresponding to L and K. For the part corresponding to 
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L we note that a comparison of the terms with those obtained by open boundary 
conditions in the generator and in the measure in the second slot of the relative 
entropy provides us only with a boundary-order correction. The bulk terms have 
a good sign. Together we arrive at the desired single-site DLR equation. 
Combing the second and the third part we conclude 

Corollary 1.6 Let a > 0. Then the only translation-invariant measure which is 
invariant under the joint dynamics (S^ +aK )t^o is the measure ^dipT^. 

Together with property 2 which shows that there is no relaxation of the pure 
measure \j! under {S^ +aK ) t ^o we arrive at the proof of Theorem ll.il 

The remainder of the paper contains the following. In Section 2 we prove The- 
orem 11.21 using the variational principle. For this we need to present generalities 
and facts on discretizations and recall criteria on the preservation of Gibbsianness. 
In Section 3 we consider the rotation dynamics and prove Theorem 1 1.31 In Section 
4 we consider the Glauber dynamics and prove Proposition 11.41 In Section 5 we 
consider the joint dynamics and prove the main Proposition 11.51 



1.3 Extensions 



Theorem 11.21 stays true also for models where for every angle there are more than 
one Gibbs measures as could occur for potentials with highly nonconvex shapes 
|10j . The well-defmedness of the rotation semigroup is untouched and one has 



Theorem 1.7 The map T : ex £0(7*) l— * ex Ge{l') is an equivariant bijection for 
the S 1 -actions on continuous and discrete-spin Gibbs measures. 

The equivariance property says S^ +aK T^i = TR t [i for all a ^ 0, where R t [i is 
the measure obtained by joint rotation of the realizations of the measure /1 by an 
angle t. The same conclusions apply. 



ex Qe{l 




ex £? e (Y 



ex Q e (rf 



ex Q e {i) 
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2 Discretizations 



Take an underlying site space G, a measurable local spin-space S and a configura- 
tion space Q = S G . The local state space will be often just the sphere S 1 , but we 
can also consider a subset of an Euclidean space or finite-dimensional manifold. 
We will refer to this space as the continuous spin-space and. Consider a Gibbsian 
potential $ = (§a)a<^g, assumed to be absolutely summable and translation- 
invariant. Let 7 = (7a)a^g be the associated Gibbsian specification with a priori 
measure A, write for the Hamiltonian in finite A = XUnA#0 We denote 
by £/(7*) the corresponding Gibbs measures, defined by the DLR equation and 
by £7e(7*) the translation- invariant Gibbs measures. Together we call this the 
first-layer system. 

Next a discretization is defined, and as in [8] , [22] we start with a decomposition 
of the local state space S = Ll'eji q}^ s '- Denote T(s) := s' for S s > => s. This 
defines a deterministic transformation on S, called the discretization map. The 
space Q' := {1, . . . , q} G will be referred to as the discrete spin-space. 

For fixed discrete-spin variable u/ e Q' define a specification on the continuous 

spin-space in terms of the local kernels 7^ ((p\u\c) = 7A (x ,^ Ae ) ■ Notice that 

here and in many other cases we look at s' e {1, ...q} as a subset of S and write 
= 1 iff T(s) = s'. 

This specification is non-null on the constrained first-layer local spin-spaces, 
i.e. it is a specification on Q u = x^S^/. 

One verifies the defining properties of a specification: To begin with, from the 
compatibility property of 7 follows that for 7^ for each fixed u' . This does not 
use the fact that it is coming from a Gibbsian specification with a potential $, 
but it follows from a computation using the corresponding compatibility property 
of 7 that, indeed, 

iilrfilv)) = iiip) (7) 

for all finite Ac A. The quasilocality of 7 implies that of 7" for all uJ . Since 7 is 
proper it is simple that 7" is proper, where properness means for all finite Ac G 
and A a Q measurable and dependent only on sites in A it holds ja(A\u) = 1a 
for all u) e Q. We will refer to this as the second-layer system. 

This specification has a Dobrushin matrix, which with another supremum over 
the discrete spins, is 

(7y :=sup sup ly'HiM - 7 W '(-M^)lli / \ 



as well as a corresponding Dobrushin constant c := supj^ -Cy which is defined 
to incorporate already the supremum over uf. 

Suppose that c := supj^Qj < 1 or a slightly stronger exponential decay 
property that we will present later. Then it follows from Dobrushin theory that 
for each finite or infinite-volume V c G there is a kernel from coarse-grained 
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configurations to' (inside V) and boundary conditions of first-layer configurations 

to outside V, namely r y v v \-\toc\v)} which has the infinite- volume compatibility 
property 7^ 7^ = 7^ , for all (and not only finite) W a V. 

Let us write for the unique first-layer Gibbs measure on discretizations to' 

» G [ou' G ](dco) = 1 #(duj). (9) 

Since it is also measurable as a function of the coarse-grained configuration, 
fi[-](du) really is a probability kernel from Q' to fl. 

We cite the bound on the matrix elements of the Dobrushin matrix from [8] 

Cij < sup diam^ S s >/4 ( 10 ) 
and hence the bound on the Dobrushin constant is 



- ^ supdiam ii (S' s /) 



jeG\i 



with the family of metrics (dij)j e a\i on the local spin-space at the site i s G 
defined by 

dij((Ti,Ti) := sup Hi(aiQc) - F^cr^c) - [H^nQo) - H^TiQ, 



where for any i e G, i c = G\{i}. 

In the standard nearest-neighbour models, (the plane rotor or XY-model) with 
Hamiltonian 

H A (a A rjA^) = ~/3 ^ Oi ■ Oj - (3 2j 0i ' ( 12 ) 

<i,j>eA <ieA,jeA c > 

with local spin-spaces S 1 we have that 2d/3(sin^) 2 < 1 implies c < 1 (see [8], 
similar criteria are immediate for high-dimensional rotators.) 

Suppose we are conditionally uniformly in the Dobrushin regime c < 1. We 
have that / quasilocal implies that f(to') : = A*g[ w g](/) is quasilocal on Q! . De- 
noting by T' the sigma algebra over Q generated by the infinite-volume coarse- 
graining map T we have that /Ug^gK/) * s a re gul ar version of the conditional 
expectation J 7 ')^') for every Gibbs measures fi e ^(7*). 

Moreover we have for /i' = 

I (rifg) rifMg)) - (mW) - /Af W)) I < ^ 2 WA*- ( i 3 ) 

In particular the following holds. If there are observables /, (7 such that ° 
9k)) — fi(f)fi(g o fe )J decays slower than the matrix (Aj)i,jeG := 2 n >o ^™ then 
there are coarse-grained observables /', 9' such that their correlation decay is also 
slower than the decay of the matrix D^. 
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To see that ( ITBl holds, write 



tifg) - MM = Mfg\F)) MM 

= n'Wg\F) - tif\F)MF)) + rfWWMF)) - AKf\J")h'(K9\F% 

Further the standard estimate (see Proposition 8.34 in [IS]), in the Dobrushin 
uniqueness regime yields 

sup \fi G [u' G ](fg) - fi G [u}' G ](f)fj, G [u}' G ](g)\ < - J] 5 i (f)5 j (g)D ij ( 14 ) 

i,jes 

which proves ( |T3l) . 

The map from fj, to // := T/j, is injective when viewed on the (not necessarily 
translation-invariant) Gibbs measures of the continuous-spin system. Indeed we 
can restore an initial Gibbs measure \i from its coarse-grained image where we 
have that fi(ip) = ^ fj,'(duj')n G [u']((p) where fj, G [cJ G ](ip) does not depend on \x. 
Hence different /z's must have different images //. 

Next recall the definition of the specification 7' for the coarse-grained system 
(see also [22]), given in fl6]). Standard arguments show that, in the uniform Do- 
brushin regime, the discretization image of any Gibbs measure is Gibbs for this 
specification. For convenience of the reader and to fix notations which will be use- 
ful in particular for the definition of the dynamics, we include these steps: Any 
conditional probability with finite- volume conditioning can be written as 



It I I / \ A' A\A 

H \u}a.'\ u a\A') - — f~n \ — T\ i — T 



^(da; Ac )(7^ A 'lGw)Aw(A A '(e-^'l^ / ))|u; Ac ) 



(15) 



\ ^dojAc)^' |g\a')a\a'(A a ' (c-*a')) \u A e) 



We write f/(uj' A ,) = J, and 7^ | G \ A / is the specification on fi G y A , = XieG\A"S'w< 
obtained by putting all potentials $a with A n A' ^ equal to zero. 

Then, by martingale convergence fj,' (u' A ,\u' A ^ A ,) converges, as A tends to G 
in the a.s. and I^-sense to //(l^ | J- G y A ,)(w G \A') where 1^ ^ (^g\a') = 1 f° r ah 
A 3 A'. 

On the other hand, for any finite A', there is convergence uniformly in the 
integration variable u under the /Lt-integrals since the conditional specification is 
in the uniform Dobrushin regime and we have 

lim ATG (7^ A '|G\A0A\A'(A A '(e-^'l^ A/ )|a; G \ A ) 

7a'( w A'I w g\A') = 



lim AtG ( 7 G \ A '|G\AOA\A'(A A '(e- HA/ )I^G\A) 
ji GW [^ A ,](A Al (e^l ; ,)) 
^K w ](A A '(e^)) ' 
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The limiting measure in the last line is the unique Gibbs measure of the specifica- 
tion restricted to G\A' with open boundary conditions and this proves (jHJ). It is 
easy to see using the standard Dobrushin estimates that the specification 7' built 
with these kernels is quasilocal. 



We also have that, uniformly in the configuration uj' a ,, 



7a'(^A'I w g\A'J 
log ,//.-/ V- < 4 



(17) 



Note that for summable potentials and A' being cubes on the lattice, the r.h.s. 
is bounded by a constant times the length of the boundary of A', in particular 



0(\8A'\). 



Let us now restrict to the lattice case, i.e. G = Z d and discuss relative entropy 
density. The following lemma should be seen as a generalization of the contrac- 
tivity of the relative entropy (density) between two measures (see Lemma 3.3 in 
[6]) under strictly local transforms to transforms which are not strictly but "suf- 
ficiently" local. In this context note also the monotonicity property of relative 
entropy between two measures which are restricted to a sub-sigma- algebra w.r.t. 
to this sigma-algebra (see Proposition 15.5 [16J). 



Lemma 2.1 Let // 2 e for some specification where log 



*/ a (-|aK) 



is of the 



order o(|A|) for cubes. Take a kernel ^[u'oKdu) where log ^[^(.j^j ^ s a ^ so °f 
the order o(|A|) uniformly in all configurations uj' and u' which coincide on A. 
Then the relative entropy density between the mapped measures equals zero, i.e. 



lim —H 

AtZ d |A| 



^(duj^flGfa'^A /j! 2 (du')iJ,G[ti'] 
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along cubes. 



A 



Proof. We need to estimate the relative entropy H in a volume A where 
~ Z d is a finite cube appearing in the formula above, which is 



/jf^du') fi G [oj']\ A ( log 



djX(jgO/fQ[gQ| 
d^' 2 (du)')fi G [uj']\ 



(19) 



Using the DLR equation for the integrand as well as the conditions on the Radon 
Nikodym derivatives we find 



log 



d *\ fi' 2 (du') fic[&']\ 



log 



1 dA* 



duo [ui: 



2JIA 



< sup log 



KyjiaWk 



dMG[(^i)A(^i)Ac]|A 

1 



(20) 



K7 A )lA(^l^) dMG[( ^ )Ac]lA 



o(|A|) 
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where the estimate in the last line uses the two assumptions in the hypothesis. 
Hence the relative entropy density as the limit of the relative entropy devided by 
the volumes of cofinal sequence of cubes is equal to zero. □ 
Applying the lemma and using now the Gibbs variational principle in the 
form of Theorem 15.37 of [16] it follows that every discrete Gibbs measure has a 
continuous preimage: 

Proposition 2.2 Let ji' e Ge("j'), then fi(du) := $ fi'(du')fi G [u , ](du) e ^(7*). 

Proof. Let /j,q g £0(7*) be a Gibbs measure for the original system and 
H' Q := Tfi its coarse-grained image. We want to use the preceding lemma, i.e. 
justify the conditions and therefore conclude that the relative entropy density 
between the two translation-invariant measures is zero. Hence, by the variational 
principle applied to the original system, also \i e ^(7*). 

Indeed, (fTTj) asserts the condition of Lemma 12.11 for the coarse-grained speci- 
fication 7'. Also we have for u',u' coinciding on A 

° g d» G [u>]\ A ° g ^ G [u>](du 2 ) d -^(-\u 2 ) ' (21) 
<su P log^i{^<4 2 = o(|A|) 

□ 

This means the map from the translation-invariant Gibbs measures of the orig- 
inal system Q e {p/^) to the translation-invariant measures for the coarse-grained 
configuration Qe{l') is one-to-one. 

If fi is tail-trivial, then so is T\x since the tail sigma-algebra of discrete events is 
contained in the tail sigma-algebra of all events, T' a T . In particular T(ex ^(7*)) 
ex Q{pf). To see that also \i e ex £(7*) for Tfi e ex Q{pf) one can use the fact 
that the mapping T is affine: Let's assume T\i e ex Q{^') and \i = s^i + (1 — s)/x 2 
for s e [0, 1] and H\,H2 E G{l®)- Then we have T\i = sTui + (1 — s)T/x 2 and 
hence T/j, = T/ii = T\x 2 since T\i is extremal. But that means /i = [i\ = ^2 an d 
thus fi e ex ^(7*). 

The proof of the preceding remark also follows from the fact that tail-triviality 
is preserved under the kernel (even not assuming initial Gibbs measures). Let 
us give some detail here since it provides useful background and explains the 
"essentially local" nature of the transformation from the perspective of the tail 
events. 

Proposition 2.3 Assume that // is a probability measure on Q' which is trivial 
on T' ■ Then n(duS) := J fi' \duj') /j,G[u)'](du)) is trivial on the tail-sigma algebra T . 
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Proof. We assume that also sup.,- < 1 which is guaranteed in the 

fine-discretization regime ensured by our criteria. 

If A e T then // G [u/](.(4) is T'- measurable. To see this, suppose that W is a 
finite subset of G, that V contains W and that A is in 7y, the sigma-algebra of 
events not depending on spins inside V. 

Assuming that A is a cylinder at first we have 

sup hgW]{A) - fi G [u'](A) < J] < 2 (22) 

Next we note that this inequality also holds by approximation of probabilities 
of general events by cylinders, (by a semiring-approximation argument) for all 
A e Tv- Since A s T is in any 7y we may let V / G and obtain that 



sup HgW]{A) - ii G [oj'](A) ^ 0. 



(23) 



Since W was arbitrary this is the tail-measurability. 

Further we note that fj,a[u>'](A) e {0, 1} for each fixed co' and As T since the 
original measure constrained to coarse-grained configurations is in the Dobrushin- 
uniqueness regime, hence tail-trivial. So /xg[u/](A) = l^/(a/) for some A' s T' 
and this implies /Ji(A) = ^ /i' (doo') fj,a[uj'](A) = fjf(A') e {0,1} by tail-triviality of 
//'. □ 



3 Continuous rotations for discrete-spin models 

Let us specialize to a translation-invariant 5' 1 -model and define a Markov process 
in the coarse-grained layer given by the following generator 

(L^(cu>) = ^ c L (cu>, (u'ymiu'Y) W)) (24) 

ieG 

with jump rates 

c L (u , (w ') ) = r / — „ - .. (25) 

/i GV [^ v ](A l (e-^l^)) 

with notation as explained in the introduction. 

Intuitively, if we think about the coarse-grained version of the d ^ 3 XY- 
Model, this process should deterministically and homogeneously in time rotate any 
initial second-layer extremal Gibbs measure fi' t in an anti-clockwise direction. The 
/j,' t s are characterized by the order-parameter /^(mQ = m^et with the quasilocal 
observable rh'^u') = /x<3[u; G ]((7j) taking discrete variables to the unit disc, where 
mp is the modulus of the magnetisation of the underlying continuous model. 

In other words if (S^) t>0 is the associated semigroup of L, the rotation should 
be performed as ^'(t+s) d 2 = ^sf^'t- ^ n or der to achieve this, for a given configu- 
ration u', the rate to jump up one unit at site i should satisfy 

c L (cu', (u'Y)dt = HgWgMMY dt, (^)l) 
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where [(u4) r — dt, (u)' i ) r ] is the first-layer part of u[ that after an infinitesimal shift 
dt would be deterministically under T be mapped to (c^) 1 . 

Taking the limit dt to zero we arrive at the probability density 

c L (u/ t (u/) i ) = d ^ ]{ '\ HY)- ( 26 ) 
In terms of the constrained Gibbs measure restricted to G\i we may write this as 

Definition 3.1 Let us fix the following notations. We write 

1. £ := {/ : Q' — > R : / is local } for the local functions. 

2. C{Q!) = eqivalently for the space of continuous functions on the compact 
configuration- space Q' which, since q is finite, coincides with the space of 
bounded quasilocal functions which is just the \\ ■ \\- completion of the local 
functions. Here || • || denotes the uniform norm. 

3. D{W) := {/ 6 C(n') : |||/||| := EieG S i(f) < 00 1 f or the core functions. 
4- for the triple- semi-norm completion of the local functions. 

5. D p{e) {Q!) := {g e C(ft') : |||^||| P ( e ) := 2^ p(e(* s 0))^(#) < 00 } for the 
space of weighted triple- semi-normed functions, where g is an increasing, 
translation-invariant semi-metric on the site space and p : Rq "~ * an V 
weight-function. 

Let us clarify the relations between those spaces and specialize to p being either 
an exponential or monomial function with power m e N and the semi-metric as 
being just the euclidean metric | ■ | on G with some factor e > 0. We have 

£ c D e e\.\ (Q') c D H m(fi') c D\.\i{n') c £ H c D(Q') c C(fi'). (27) 

Notice, all those spaces are dense in C(Q') with respect to the || • ||-norm. All 
inclusions should be clear except D\.\i(Q') c= 

Proposition 3.2 Let f e C(Q'). If there exists a sequence of finite volumes 
A n / ' G such that ^ ieA c \A n \5i(f) —> for n — > oo then there exists a sequence of 
local functions f n with §/ — / n ||| — > for n — > oo. Thus f e 

Proof. First note that / e D(Q'). In particular there exists finite A such that 
TaeAc $i(f) < I- Let V e ^' and define / n (w) := f(u) An r} A c) then we have 

n — > oo. 



|An||/-/nN|AJ sup |/(r?) - /(^)| < lA^I 2 ^(J) ^ for 

VA„ -VA„ ieA c 

Hence we have with n such that |A n |||/ — / n || < | and Ac A„ 

III/ - fn\\\ = J] W - /») + 2 W) < 2 I A -IH/ - + f < £ " (29) 
ieA„ £eA£ 

□ 
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Remark 3.3 If n : G —> N is an ordering of G then Aj := {j e G : n(j) < n(i)} is 
an exhausting sequence of finite volumes such that ^ ieG \Ai\5i(f) = 2i>o ^n- 1 ^/)- 
Let f be a function such that ^ i>0 iS n -i (<)(/) < 00 ^ en ' u;e ^ fl,ue 

2 |A fc |(Ji(/) = ^ n ( k ) § n-i(i)(f) < Yj i5 n-Hi)(f) -> / or fc 00 (30) 

ieA^ i>n(k) i>n(k) 

thus f e £j,| I,, if Yji^Q^n- 1 ^)^) < °°- ot/ier words D g i(D,') c £|M||. 
We will drop the notation n _1 (i) and just write ^] i>0 iSi(f). 

3.1 Well-definedness of the rotation generator 

Here we prove Theorem 11.31 part 1. The jump rates are uniformly bounded since 
we assumed the potential to be absolutely summable and translation-invariant 
and the coarse-graining to be finite. In order to ensure well-definedness of the 
dynamics we have to check 

sup^iMvO) < °°- (31) 

But this follows from the Dobrushin comparison theorem (see [16J Theorem 8.20.), 
indeed 

^■teCv*)) < Cel^» sup |/. GV [^ v ](e-^«^)'>-))- / x GV [^(e-^(^)^-))| 

off j 

+ Ce 3 ^ sup |/i GV [^ v ](A l (e-^l^)) - ^[^(AXe^))! 

off j 

therefore it suffices to look at the Gibbs measures /^Gv[ w G\i](') an< ^ A t G\i[^G\J(') 

on (S ,1 ) G \ i applied to the quasilocal functions t/>"*(-) := e _ffi ^ a, ^ r, ' ,<c ^ and ip^i') : = 
A*(e _ ' Hi ^'' iC ^l a ,/). For any fixed first-layer boundary condition u; 6 f2 the measure 
A t G\t[^Q\J(-) is uniquely specified by the specification 
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'G\i 



((7^|gv)a V (-|^v)) a ^. (32) 
A being finite subsets of G\i. We have for u' G ^ = Cj' g \j 

\{l Wa ^\a\i)i\i{-\ui*\i) - {l w °^\G\i)l\i{-\^\i)\i < lj=i- ( 33 ) 
Hence for u;L . = u) G > . and ^ e {-0^ , -02 4 } the comparison theorem gives us 

kj^i ki^i 
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where we used the fact that the specifications are in the Dobrushin region 
uniformly in the constraint u' . Since c := sup^ J] . CV,- < 1 we have YjjeG D k j < 00 
for all k e G and can therefore conclude 

sup sup V V 6 k (ijtf)D kj < C V sup sup <W*) < Csup V fc^*) 

i£G ^eS> pi k+i keG ieG ^eS' ieG fcgG 

with ip l e {-01, "02} an d '■= e - ^'''^ and ^ 2 (") := A l (e~^ ViC )). In case ^ is a 
local function, uniformly bounded in i (for instance in the XY-Model) the sum is 
finite and thus less than infinity. In the general case were the i/j 1 are coming from 
an uniformly bounded Hamiltonian which is only quasilocal the summability is 
not guaranteed. But if we stipulate 

sup ^ HI $a III < 00 

ieG A3i 

we have for ip\ and i)j 1 2 

2 4(V4) < C J] 8 k tyi) < Ce^ J] J] 6 k ($ A ) = Ce^ £ |||$ x ||| < oo 

keG keG keG Aaik Aai 

where we used \e x — e y \ < \x — ^|e max d a; l'l J/ l). Hence we proved (131 p . 
If we impose the following exponential decay condition on the Dobrushin matrix 

c, := sup^ e^^ < 1 (34) 

for a translation-invariant semi-metric p on G, we have sup igG YjjeG < 
and by the triangle inequality 



(35) 



ieG ji=i ieG jeG\ikeG\i 



<-^-sup J] e^> fc >4(^) 

1 C f ieG keG\i 



which is again finite for finite-range first-layer potentials as for example the XY- 
Model. In the general case were the are coming from an uniformly bounded 
non-local Hamiltonian we can stipulate 

2 2 e«W6 k ($ A ) < oo 

Aai keG 

uniformly in i e (7 and find for and using the same arguments as above 
2 e«ft*>fc($) < C 2 e^ fc )<Wi) < Ce 2 * £ £ e«&*>&(*A) < oo. (36) 

keG keG A3i keG 
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Hence we have Yjj^i ^j( c i(') '*)) < Ge e ^ f° r a U i £ G. We will use that in the 
sequel. Note that in particular cl(-, - l ) £ D(Q') a £j, „ for all z e G thus the rates 
are quasilocal. 

Instead of imposing an exponential decay property of the Dobrushin matrix one 
could just consider polynomial weights p(g(i,j)) which would admit Hamiltonians 
with polynomial dependence. In fact for our purposes that would be sufficient. 

Theorem 3.9. of [23] now asserts the following: 1. The closure L of L is a 
Markov generator of a Markov semiproup (S^)t^o connected to the generator via 
the Hille-Yosida Theorem. D(Q!) is a core for L. 2. For observables / e D(fi') 
we can control the oscillation of Stf at any site i s G via 

Si(S t f) < [e ir 5. (/)](*) 

where V : 1% —*■ 1%, [T5.(f)](i) := Yjj^i ^i( c l(-, "0 is a bounded operator 

with ||r|| =: M. In particular for / e D(Q') we have |||>St/||| ~* and thus 

S t feD(pr). 

3.2 Rotation property of the generator 

The goal of this subsection is to verify Theorem 11.31 part 2. We use the following 

strategy: 

1. We verify the rotation property for infinitesimal times by comparing the 
generator to the derivative on the level of the probability density. We do 
this directly on local observables. 

2. In order to get from infinitesimal to finite time, we consider the associated 
semigroup {S^) t ^>Q and use Taylor expansion. To match the first-order terms 
it is necessary to verify the infinitesimal rotation for local functions propa- 
gated by S^. Those functions are no longer strictly local but lie in a larger 
space, namely Since later we need (and will verify) the stronger result 
St f 6 D p / g )(Q') for local / and weight-function p(x) = x 2 , at this point we 
just assume Sff e 

3. The two second-order error terms need to be estimated. As for the first 
one we can use the contraction property of the semigroup. For the other 
one we compute the second derivative of the measure again on the level 
of the probability density and local observables. It turns out the desired 
upper bound exists as long as the observable lies in a space of weighted 
triple-semi-normed functions. 

4. By assuming exponential decay of the Dobrushin matrix the rates of the 
generator are elements of this space even for arbitrary polynomial weights. 
One can think of these spaces as containing functions with a certain degree 
of locality. The amount of non-locality the semigroup injects into a local 
function is controlled by the degree of locality of the rates. This can simplest 
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be captured by looking at the operator T mentioned above. We can show 
under these assumptions that local observables propagated by the semigroup 
stay in the space of weighted triple-semi-normed functions. 

Let us start with an infinitesimal rotation and show A*(t +s ) mod 27r (/) = lAi^sf) 
for all t e [0,27r), s > and local observables / on Q'. Since the coarse-graining 
is finite it suffices to use / = 1 SA for finite A. Write p A = fjjx for the Lebesgue- 
density of the local specification in A. We have 



)d(p A p A (ip A ,u) 



= Yi \ Vt( duj )(Y\ f )d^A\j(pA(s l j ,(p A \ j ,Uj) - p A (s r j ,if A \ j ,Uj)') 
jeA J ieA\j Js i 

since p t admits 7a for all t e [0, 2ir). On the other hand 

= 2( 2 c L(u\{ujy)p' t {uj') - 2 c L (u',(uy)p t (uj')y 



Looking at the individual summands we find 

^ c L (u , (w ) = fl (du/ 1 SA (w 

u^=. A J ^[^(^(e ^)) 



= J^(du/)i SA (u/)- 

-J 



^\AK\ A ](A A (e-^l SA )) 



AA(e-"M SA ) 

= \ Pt(dujy SA (u , )p G [u , G ](—^—-(ll j )^ A \ j (p A (s j r ,^A\i,-))) 
= f ^(^'VgK?]( /V A f )^A\i(PA(^,(^A\i,-))) 



ieA\j 

= f/i*(<M([[ f )dip A \ j (p A (s r j ,ip A \ j ,uj)) 

J ieA\j Js i 

where we used the DLR equation in the second last line and the fact that 
mA K VA ](^(- Ac )A A (e-^l WA )) 



/^\AK\ A ](A A (e-"Ai w ,)) 



^gKjK^OaO)- (37) 



Similary for the other summand. Thus we have -^p' t+£ (f) = p' t (Lf) for all 
local observables. Later we want to apply Sff and will show S^f e CL ,,, if / is 
local. So let us prove the following 
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Proposition 3.4 If f e C' M then |K +£ (/) = fi' t (Lf). 

Proof. Assume (/ n )neN to be a sequence of local functions such that ||| f—f n ||| — » 
for n — * oo then we have according to Proposition 3.2 of |23j 

|/4(L/) - /4(L/ n )| < - L/ n || *S C\\\f - /„,||| ^> 0. (38) 
On the other hand with g := / — f n and n : G — > N an ordering of G 

rft+eig) ~ /40) = j to{<to)(g{T{u> - el G )) - g{T(u))) 

= fh(du>) Yj(9(T(u - el {0 ,..,nO-)})) - 9 ( T (^ - £l{o,..,(n(i)-i)}))) 

< 2 : Tfa - e) = T(^) - 1}) 

where we use a telescopic sum in the second line. Further we have with Aj : = 
{u : T(Cjj — e) = T(u>j) — 1} = {a; : Uj e [V, + e] for some s e S"} 

jtft(A 3 -) < sup7 3 -(Aj|a;) < ' ' ,, < Ke (39) 



uniformly in t and j, hence \\^' t+£ {f - f n ) - ~ fn)\ < K\\\f- f n \\\ and 

we can conclude 

\^/t + M) - MLf)\ < \^/t + M fn)\ + MW f n ))\ ^ 0. (40) 



□ 

Assume for the moment S^f e C'mm for local /. In order to verify the rotation 
we use the following iteration procedure. Let / be local, k e N, t e [0, 2tt), s > 
and e := f . On the one hand 

k 

MS?f) = AiSiSlj) = a4((1 +eL + (1 + £L))^_ £ /) 

= A4(p) + e/4(^) + /4((*-(i + ^))p) 



where we set g := S^_ £ f. On the other hand one can use Taylor expansion 

(42) 

= l£(g) + et&(Lg) + e 2 —fi' t+£ (g)\e e[t ,t+e]- 

By iteration 



d d 2 

tft+e{9) = + £ feV't(g) + £ 2 -^K+e(g)\ee[t,t+e] 

d 2 

= l4{g) + e^{Lg) + e 2 — [i' t+e {g)\e e[ t,t+e]- 



d 2 



fc-1 



+ 2/Cfa((flf-(l + ^))flf-(H.l)«/) 



Z=0 
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where the error terms should go to zero as k tends to infinity. Let us look at the 
second error term first and use the uniform continuity of the Markov semigroup 



k-1 



2 - c 1 + ^))#_ (I+1)e /) < £ 2 



°e °s-(i+l) £ J s-n+lW 



'- 1 S':f f 



2 

i=0 



s-(M-l) 



l)e/l 



where the r.h.s goes to zero as e goes to zero since the semigroup is generated by 
L and / in the domain of L. In particular this is true for core observables of L. 

Let us check the first error term. Sett' e [t+le,t+(l + l)e] and t" := s — (l + l)e. 
It suffices to find a constant C(s, f) such that 

d 



since then we have e 2 ^ 1 jL^^f) < £ C(sJ) 



fc— >oo 



0. 



Consider the second derivative when we apply a local indicator function 1 



de 2 



*4*.(i.a) = 2 f 

jeA J 



ieA\j s i J 

- Pa(4> ^A\i' w )^--^a(4' VA\j, 

S A ,w) + 2 S C?' Ma,w)] 



keA\j 



where, as we see from the formular, the Hamiltonian of the first-layer system needs 
to be differentiate as a function on S 1 . Let us assume these partial derivatives 
are also uniformly bounded with K' := sup ieG sup wen \\-^Hi(-,Uic)\\ < oo, then we 
have A(j, s a ,uj) = 



d e - H A(Sj,<p A \j,UAc) _ e -HA(Sj,<P\\j,^) - 
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where 



d d 
M{j,s h ,u) := — H A (s r j: (p A \j,u) - —H K {s l p ipK\j,u) 

= ^ H M^^ u} ) - j^ H M^^ u ) ^ s i(jj H ^ ^ 2K ' 

3 3 J 



A 2 (j, S A ,U) := e -- ff A(-J,(PA\,-^Ac) _ g-HA(4,VA\j,WAc) 

-Sa^A#0 *A(VA\j^A c ) tit » 7>- - Sa^A^0 *A(VA\j^A c ) 

«; e ^ A <S,-(e J ) «S 2e e ^ A 



and thus 

/r -^ rs r- , -SamA#0 *a(VA\ 3 .^Ac) 

s A ,w) < 2K / e 2X 2vr 



-SAnA^0 *A(^A\j: w A c ) 

\ d(fiA\je * a 



+ + (|A| - 1)g)2 , (n. 6A y,l;)W ~ 

Let us look at the second term. We can write 

rs r -SAnA#0 *A(VA\jfc.^Ac) 

B j, fc, s A , u) < 4e 4X 47r 2 = , . 

W ' -SAnA#0 *A(VA\jfe,WAc) 

For convenience set X := ma,x{K, K'} and K := max{A7rKe 2K , 87r 2 e 4X }. Also we 
want to adopt a notation we introduced earlier 

Before we combine these estimates, let us apply a local functions /i on the coarse- 
grained space with support A. h can be written as h(cu') = 2j sa6 {i ^a k Sa 1 Sa (u') 
with \\h\\ = sup SA \k sa \. Hence 



de 2 



Vt+e(h) < \\h\\ J] \ Vt(du)\qK(\A\ + 1) £ Ia^A^M 

icJ J .(, 1 AW 



i eA SA w6{l,...,g} A V 



+ 2 ^ 2j 7A\jfc|{jfc}«=(l aA ^ 

feeA \j s A w fc e{l,...,q} A V fc 

^ ||^|||A|(^(|A| + 1) + ^ 2 ^(|A| - 1)) ^ ^|A| 2 ||^||. 

For a general quasilocal function / one can write again a telescopic sum using an 
ordering of G and a generic configuration rj' 

iV) = /K,r/ {1}c ) + C/K,u477| li2}c ) -/K,?7{i}=)) 

+ 2 (/( W |l,,n}. *7{l,...,n}<=) - /(wjl,.,n-l}» V{l,...,n-1}^) ^ 
n>3 
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Let us define g n (u') := {f(^ {1 _ n} ,v' { i,... M ^) - /( w {i,..,n-i}> 7 ?{i,...,n-i}«=)) e ■^{l.-.n}- 
In particular \\g n \\ < S n (f). Hence we can write 

-^/O/) *S 1/1^ + 2 Ibnl^n 2 < 2K £ n 2 5 n (/). (44) 

Thus it suffices to show f e D|.|2(fi') for local /. We use the exponential decay 
property of the Dobrushin matrix introduced in (|34"|) and the exponentially decay- 
ing Hamiltonian, i.e. assume the model to satisfy sup ieG e e ^8j(ci(- : •*)) =: 
M < oo for some translation-invariant increasing semi-metric in G. Then we 
can prove the following 

Proposition 3.5 Let f be a local observable on Q' and (S[) t ^o associated to the 
rotation generator L. For all polynomials p on Rq we have Sj^f e D p ^(Q'). 

Proof. Let us consider the monomials x 11 . It suffices to look at n = 2 m for 
some m e N. We know from Theorem 3.9. in [23] 



e(i,0) m 4(S*/) < ^e(i,or[e tT 6.{j)]{i 



fed i>0 



where [r&(/)](z) := <^( c l(') There exists a constant K mi0 such 

that for fixed j,meN we have g(i,j) m < K m ^e e ^'^ . Of course local / e D e m(£l') 
for all m e N and also for exponential weight. Under the above condition on 
the jump-rates, the operator V is bounded as well in the exponential weighted 
triple-semi-norm with norm M, indeed 



(45) 



lll r IIU = SU P ^ — = SU P v> 7(T0) 

|||a||| e e^l Ill a llle5 |||a||| e e^l 2jj>0 e °J 

< sup J7 3> ° =M. 

|||«|||jil S,>0 ee0 ' 0) ^ 

Then we can write 

^(z,0)"V r 5.(/)](z) £ K m ^e s{t ' 0) [e tr 6.(fm = K m J\e tT 6.(f)\\\ eS 

< K m J\e tr \\\ ee \\\6.(f)\\\ ee < K m y m ^\\\5.(f)\\\ ee . 

□ 

In particular for local /, we have S^_ e f e D p ^(ft') a £j„ ,,, for all polynomial 
and even exponential weights p. In other words, we can control the diffusion of 
the semi-group applied to a local function by looking at the decay property of 
the conditional Dobrushin matrix as well as of the first-layer Hamiltonian. In 
particular if those are well behaved (which is the case for the XY-model with 
some slightly refined coarse-graining) no second-order blow-ups can appear and 
we can conclude fi' t+£ = S^n' t for all extremal Gibbs measures labelled by t e S 1 . 
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4 Reversible dynamics for discrete-spin models 



A reversible dynamics K in the infinite volume with finite local state space and 
given specification 7' can be defined by 

= 2[ C x(a/, (u/n^u/n - vv)) + ^\ (uy-){m^)n - W)) 

■tsA 

with (oj') 1 ~ being the discrete configuration which coincides with u' except at the 
site i where it is decreased by the amount of one unit. With rates satisfying 

c K (u', (u'Y) = ^vKy](^(e- H 'l(^)0) 

Thus the corresponding infinite-volume generator K has detailed balance with 
respect to the specification, which was stated in Proposition (II. 4p part 2. 

These rates are bounded (by boundedness of Hj), translation-invariant (by the 
translation-covariance of the ^g\j[^g\j] i n the conditional Dobrushin regime) and 
of exponentially decaying influence (however not strictly local). 

The rates are uniformly bounded and bounded in the triple-norm by the same 
arguments as used for the rotation dynamics, so Proposition (jl.4p part 1 is true. 

In the next subsection we adapt a line of arguments presented for q = 2 in [23] 
for general finite q. 



4.1 Translation-invariant invariant measures are Gibbs 
measures 

Let us put ourselves in dimension d ^ 3. In the right temperature region there are 
multiple Gibbs measures, ferromagnetically ordered on S 1 , in the initial continuous 
system. 

Since in the following subsections we will only deal with second-layer configu- 
rations it is convenient to suppress the primes and write ck{w,u) % ) for the up-flip 
at site i s G and c#(u;,u; I_ ) for the down-flip. Assume the rates to be defined as 
in (|46p . in particular for the corresponding process we have £?(Y) c= X K . 

We show Xk n S c £?(Y), i.e invariant measures w.r.t. K that are also 
translation-invariant are Gibbs measures. This is precisely part 3 of Proposi- 
tion (11.41) . We use Holleys argument [19]. Recall the definition of the second-layer 
specification and define the local relative entropy 

^a(H71(-|C)) := £ KlJfog^T (47) 

W£{1,...,?} A 7Al 

where A c is finite, v 6 and £ e fi' an arbitrary but fixed boundary 

condition. Let (S^)t^o be the semigroup for the generator K and define v t := vSf~ . 
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Let us compute ^-f^A(^t|7A(-|C))| t =o m ^ wo P ar ts 

^ VWi w )iogi/ t (i w ) = V[i + i gi/(i w )] fin^ 

= J] logi/(l w ) [K^)[cK(77,^(lu ) (^-lu ) (^)) + ^(77,^")(lu,(r/ i -)-l.(7/))] 



2[r(c,Oiog^4 + r (w ,r)iog^fi)] 



where we wrote r(a;,i ± ) := $ v[dr])c K {j], r) l± )l u (rf) for the outflows of l w in the 
direction i ± . 

Note if ^ e Xx then ^(1 WA ) > for all oa e {1, <?} A , indeed 

0= 

f (48) 

= ^ eM^M^'Xi^-fa) - i WA fa)) + faiTXi^fa) - Ufa))]. 

Since all flip-rates are positive ^(1 WA ) = would imply ^(1 Wa ) = = 

for all i e A and thus by iteration f(l,j A ) = for all r^A £ {1, •••,<?} A which is a 

contradiction to z/ being a probability measure. 

Let us look at the second part of ■^H A (i/\ , Y A (-\Q)\ t=0 . Since the normalizing 
constant in the specification is independent of u A and ^ S v t{du) = 0, we can 
directly compute 

j t \vt{<^) log mA [CG\A](A A (e-^l tJA )) 

Yj u(dr] A c)u(u A \7] A c)K log ^G\A[CG\A](A A (e _i/A l. A ))(wA??A0 

■ n _i A J 



WA6{1, -,<?} 



^ r, ^o\AKo\A](A A (e- ff *l„ i )) r 

^J^ iiCTro """^^ (49) 



a; A ,ieA 



^G\A[CG\A](A A (e-^l WA )) 

/i G \A[CG\A](A A (e-^l,-)) 



+ l0 % G V A [C G V A ](A A (e-M. A )) J"^^^' } ] 
= J] [F(a;,^)r(a;,2 + ) + y(a;,r)r(a;,2-)] 

a; A ,ieA 

, MG\A[C G \A](A A (e- ff Al tjl± )) 

where we defined := lo g ^I[c^](a^^a1^ • Notice we have 

^\A[C G \A](A A (e-^l, A )) /i G \,[C G \A^A V ](A(e-^l^)) c (o; A C Ae , i^CaQ 
/"G\A[CG\A](A A (e- f/ Ai WA )) ^ G y i [C G y A c i ; AV ](A(e-^l a;i )) c(w a Ca<=, waCaO ' 
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Combining the two parts we have ^j.H\(u\^/ A (-\())^ =0 = 



2 [r( w , < + )(to g ^-v( w ,< + ))+r(a;,r) (tog r))]. (50 ) 



Since log -^fj — V(u>, i + ) = —(log — V(ui\ i )) we can write 



2^A(Hy A (-IC))| t -o = 2 [(r(c,,. + )-r(^r))(iog^-\/(^. + )) 



+ (r( w , r) - rw + )) (tog - ^ r ))] • 



(51) 



Adding zeros we have 2^fTA(f |7a('IC))| ( _o = 



rv,;-) 

+ 2[(r(o;,i + )-r(^0)x[tog^ 

uj,ieA 



log 



+ (r( w ,r)-r( w -, i + ))x log^Y^iog 

If f e it follows 



r(w*-,i+)- 



£ [(r( w ,i+) - rV, r)) iog^^ + (r>, r) - rV",i+)) log ig^y 



= 2[(r(w,i + )-iV,r)) 



rv,r) 

log log 



r(u/-,*+)- 



^(IwO 



+ (r(a;,r)-r(a; l -,i + )) 



togg^-tog g^j 

^(lw) ^(1 W <-) 



-V(w,< + )] 

-v(w,r)]]. 



where the left hand side is non-negative. We want to exploit properties of the 
d- dimensional lattice in order to show the r.h.s. of the last equation goes to zero 
for k / G. Let us define 



KA (2 ± ) : =2(r(o;^ ± )-r(^ ± ,^))iog 

(0(77,77*) - 0(77,77*) | 



#a(*) := 2 sup 

j^A^ c= ^ c 



0(77, 77*) 



r(o;,^) 

r(^±,i+) 



2 su p 

^A^ c= ^ c 



(52) 



[0(77,77* ) - 0(77,77* 
0(77,77*-) 
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We estimate -V(u, i + ) + log - log = 

^ supjlog — ? j- :T] 1 = rj 2 on A} + supjlog — — : 771 = rj 2 on A}. 

Ck(V2,V 2 ) c K (r] 2 ,r] l 2 ) 

Using log a < a — 1 and expressing the oscillation on A c via single-point oscillations 
we arrive at Similary for the second summand: 

- 2 ) + log \ ' / - log ■ 



< sup{log CK ^\ \ : Vl = V2 on A} + sup{log Ck ^^ : Vl = m on A} < t? A (i). 
Hence 

5>a(0 + ka(0] < 2[(/3a(^ + ) + /3 A (r))<? A (<)]- 

isA ieA 

Notice $a(«) — * for all % e G as A /" G since our flip-rates are quasilocal and 
summable, indeed by the well-definedness we have for alH e G 

ffk^^c c K [iliV l ) mm le{K .. M ieG f^ VjC ^c 

= : A x B + < 00. 

Notice also that KA 1 (i ± ) < i^a 2 (^ ± ) if i e A[ c A 2 . Indeed if we look at the 
subadditive function ip(x, y) = (x — y) log | for x, y > and use 

r Al (o;i,« ± )= J] TAa^,^) 
ui2=ui on Ai 



we have 



^ai(^) = Yi ( ^[ r Ai(^i,« ± ),r Al K ± ,i + )] 

^(i ^ _ (53) 

< 2j v ? [ r A 2 (^2^ ± ),r A2 (w2 ± ,« + )] = «A 2 (« ± )- 

w 2 e{l,...,g} A 2 



Theorem 4.1 Suppose that G = Z and £/ie Glauber dynamics flip-rates 

ck(u', (ufQ = ^vK v ](A-(e-^l K) Q) 

c^')W) ^vK v ](A^(e-^l^)) 1 j 

are defined for a translation-invariant first-layer potential H . Then X K n 5 c 

0(V)- 
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Proof. Let v e Xk n S and A n cubes in Z d of side length n then we have 

2 KJO + «A tB (r)] > ^ J] [«A„(i + ) + «A„(r)]. (55) 

On the other hand fih{i + ) and /3\(i~) are uniformly bounded and 
A 



r* 2 < ^ 2 2 ■*)) + ^ c *(-> ■*"))] 



igA„ ieA n j?A n 

= ^22 [*>-iM> -°)) + ^M". - "))] (56) 

71 

= a ^ (., .°)) + *,m-, -°-))] #{ieA ";l + ^ A " } - 

This tends to zero since the oscillations are bounded by and the fact that 
an increasing strip of boundary of cubes goes to infinity slower than the volume. 
Together we have 



\- d 2 [«a.(0 + «A„(r)] < 1 J [(/? A „(*+) + /MO)<M0] 

' ' * eAn (57) 
^ C '— 2 #A„(i)-0forra-oo 



rr f-r n a ■ 

ieA n ieA 



ieA n 



and hence by non-negativity of ka(^ ± ) we have n^ n {i + ) = K\ n (i~) = for all 
i e A n , and by the subadditivity argument n^{i + ) = K^{i^) = for all A and 
i e A. Hence we have for all finite A, co e {1, q} A and i e A 

o = r(u,i + ) -r(w*,r) 

= Jz/(rf?7)[//(a;j|a; AV ?7 Ac )cx(^A%<=,WA??AO - K^Vav?7a<0 c *:(w a ?7ac, wa»7a«0]- 
So z^-a.s. we can write 

v{ui\uK\ir)Ac) c k (u 1 a i]ac,u A 7] A c) fJ,a\i[r]A^A\i\ {\{e~ Hi l Wi )) ' 

Since we compare discrete measures on sites i e Git follows by the remark below, 
v almost everywhere v{u)^jj^) = 7 / (o>j|a>j C ) and thus v e Q{^')- 

Remark 4.2 Let (a 1: ...a q ) and (b 1: ...,b q ) be probability vectors with = -^-^ 
for all k e {1, q], then we have = ^ f or a ^ k, I e {1, q} and thus 

a t 1 1 

□ 
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5 Joint dynamics 



Let us now consider the joint dynamics L + aK for a > 0. Of course well- 
defmedness (Proposition (11.51) part 1) follows directly from the fact, that the 
individual rates of L and K are well-defined. 

As a warning we note, the generators L and K do not commute (except in the 
limit q — * go). To see this we apply LK — KL to the local observable ip := 1 VA for 
a finite AcG and evaluated for instance at u\ = r/^, we find 



^(c L (u, u % )c K {u\u) - c K (u), uf )c L (u l ,u] 

ieA 



ieA 



»G\i[u>G\i\(e- moJi) - c) ) - /i GV [u; G y](e-^n ,•*>); 



(59) 



Notice the direction of rotation is such that (oji) 1 = {uj\ ) r . One can isolate and 
evaluate the other summands in a similar fashion by looking at uj\ = ??a, uj a ~ = r]\, 

= for h3 8 A - 

In general the commutator is thus not zero, but if we consider the limit of the 
coarse-graining, i.e. letting q the number of discrete states go to infinity, we reach 
a commutative setting. This result reflects the continuum situation in the Maes - 
Shlosman program |24j . 

As a consequence S^ +aK S^S^ K and it is not immediate that the joint 
dynamics also rotates the discrete Gibbs measures in the sense of Proposition 
(11.51) part 2. To see that this is nevertheless true one has to follow the same 
arguments as in section 13^21 and notice |||r- ?om * ||| e e < go. 



5.1 The invariant measure for the joint dynamics 

In this subsection we show Proposition (11.51) part 3 and Corollary (II. 6p . First let 
us verify that indeed the symmetrically mixed measure is invariant and in the set 
of Gibbs measures this is the only one. Finally we prove Zl +01 k c The 
strategy for this is the following: We use the relative entropy argument again. The 
bulk contribution of the rotation dynamics is strictly decreasing, this we show via 
an open boundary version of L. In other words the rotation in the bulk only 
'helps' K. The error we make by using the approximation has the right order. 

The mixture of all translation-invariant extremal Gibbs measures /j,' t 

1 f 2 " 
//»:= ^J q A* 

is invariant for the rotation dynamics and hence for the joint dynamics L + aK. 
Indeed, let (S f L ) t^>o be the semigroup for L and / a quasilocal observable we have 

Sff(ri)6(dn) = J- P [s?f(Tj)ti(dri)d8 

2njo J 2 (60) 
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Proposition 5.1 There are no translation-invariant invariant Gibbs measures 
for the rotation dynamics other then fjf^ . 

Proof. We know every Gibbs measure // e £?e(Y) nas a unique representation 



Jc X g( 7 ') 

where uy e V(exQ( , Y), a(exQ(j'))) and cr(V) is the so called evaluation a-algebra. 
Since the Gibbs measures can be ordered as described above, there is a bijection 

b : exQed') - [0,2tt) (j! - / lo K ( ' ' ' 5 



where b is (cr(ex^ e (7 / )), £>([0, 2tt))) measurable. Indeed since m' is bounded and 

measurable, so is : At' i-* /u'(m' ) and thus &(//) = — ilog(— ^ — ) is a compo- 
sition of measurable functions. Hence we can consider image measures ty of uy 
under b. 

On the other hand for all local coarse-grained sets A' e J 7 ' the mapping 
c A , : [0, 2tt, ) — [0, 1] t^ yt t (A) = fi t (A) = lim lA {A\u l ) 

K/TL d 

where A := T^ 1 (A') and u/ the homogeneous first-layer configuration in the di- 
rection e %t is borel-measurable as a composition of measurable maps, where we 
also used the measurability of £ >-> uA Hence this is true for all A' s J 7 '. 

By the transformation theorem for measurable maps we have for all A' s J 7 ' 



fJt'{A') = fi(A')wn>(dn) = c A ,(b(n))w^(d{i) 

JcxG('y') JexGfV) 



exS(7') JexG(-y') , , 

c A> (t) WlJ f{b-\dt)) = c AI (t)v^(dt) = n' t {A')v^{di). 
>o Jo Jo 

By looking at tail measurable interval sets 

A[o,u) := e : lim — — r V -ilog-^- = [0,u)} 

n ^°° l A «l £L m p 

and <^[o jU )(u/) := fia[<^'](A[o,u)) we see, iy has to be a translation-invariant Borel- 
measure, indeed 

V([°' u ))= /4(^[o,«))v(^) = ^'(VfO.u)) = 5 ,V(^[o,«)) 

J ° 2 . (62) 



Jo 



for all s e [0, 27r). Since {[0, u) : u e [0, 2n)} is a generator for the Borel-a-algebra 
and ly is a probability measure we have v^(dt) = ^-X(dt). □ 

Since S^ +aK fjf t = fi' t+s = Sgfjf t we know X L+aK n £/e(V) = {/■**} as well. The 
next proposition proves Proposition (11.51) part 3. 
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Proposition 5.2 Every translation-invariant measure that is invariant for the 
joint dynamics L + aK with a > is a Gibbs measure. 



Proof. Let A c Z d be a finite set and ( e Q' an arbitrary but fixed boundary con- 
dition for the second-layer specification, i.e. consider the coarse-grained measure 

7^(o>) = ( e - ' ' on {1) ?} A - Our strategy for the proof is to look at 

<^ ._ V ,,(-[ \ ^ nn 



the derivative of the local relative entropy ^(HTa) := XLe{i <j} A K^") 1°S 
again for v translation-invariant and invariant with respect to the joint dynam- 
ics. We have seen in case of the Glauber dynamics how to verify Gibbsianness 
for invariant measures by estimating certain terms in the derivative of the local 
relative entropy. Those term are only of the order of the boundary cA and thus 
increase slower than the volume A. This allows us to prove the DLR equality for 
the invariant measure. A crucial ingredience of course is the translation-invariance 
of both, the model as well as the invariant measure. 

Essentially we follow the same line of arguments here, taking special care 
of the contribution of the rotation. We look at an approximating local open 
boundary rotation dynamics and show its relative entropy is decreasing. This 
means the approximating rotation only "helps" the Glauber dynamics argument. 
The error we make by using the approximation instead of the infinite-volume 
rotation dynamics is only of boundary order and thus again increases slower than 
the volume. 

Since the time-derivative of the local relative entropy is additive as a sum of 
the two terms corresponding to the two generators K and L, we can calculate 
separately for the Glauber- and for the rotation dynamics. We write u t ^ (resp. 
Vt,Ki Vt.L+uK) for the measure v propagated only by the rotation (resp. by the 
Glauber dynamics, by the joint dynamics). 

Let us compute for the rotation iH\(u^L\j\)\ t=0 - Again we do this in two 
parts. Similarly to (14. ip we find 

|i t= o2^(Uiog^(i.) = 2 r L (uM + )io g ^M (63) 



where we again wrote T L (u,i + ) := $ v(drj)c] J (rf, n 1 ) l u {rf) for the outflows of l w in 



the direction i + . For the second part of the summand of 4j.Hx{i't,L\lh)\ t=0 we And 



similarly to (l49jl 

[v t , L {du)\ogii kc [t hc }{\ K {e- H n LOA ))= J] V c (u),i + )T L (u, 



d_ 

di 



i+ ) (64) 



MAc[CAc](A A (e- H Al^ )) 

where we again defined V ( '{uA + ) := log — r/ . " A ,, . Together we have 

to V ' ' to MAc[(Ac](A A (e H M UA )) to 



j t MvtMX =0 = S T L (u;,z+)(log^-^(u;,0). (65 ) 
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We define the approximating local generator La via the following open boundary 
rates 

f AA\*(e-*A(^.-)i ) . 

, i\ ; 5 — , if z e A 

[0, ifieA c 

where A is a fixed finite volume and H\ := SacA ®a * s the °P en boundary Hamil- 
tonian for A in the first-layer model. Let (S^ A )t^o be the corresponding semigroup. 
Since we assume the underlying first-layer potential to be rotation-invariant, the 

open boundary measure Ja(u>\) := X -j^- 011 {!)••■) Q} A * s invariant for La- 

Indeed for all u\ e {1, q} A we have 



7A(LA(1 " J) " (66 ) 

d C d C 

= j- £ J 7A(W +e ) - ^ J 7a(U) - 0. 

We can employ a standard argument for the decrease of relative entropy in finite 
volume in order to determine the sign of ^H\(u t £, A |7A)| t=0 - Indeed if we use the 
convex function ijj(x) = xlogx + x — 1 the relative entropy reads 

^ 1 " ( ) ^ 

= 27A(U^(^ 7 ^2^(U(^)^7A(r/)) 
^ 7a(1 w ) ^ 7a fa) 

where S ~(/y l(drj) = i^f-^lidrj) is a probability measure. Hence we can use 
Jensen's inequality and obtain 



M" t ,L A |7a) < 2 7(1«) 2 A (U faM^)^) 

= 2^(^\)7aH = //a(H7a) 
7a (.^ J 

with equality iff v t i K = 7a- Thus the derivative must be non-positive 

=: i;r lA ( w ,o(iog^4-vi A ( u ,o). 



(68) 



(69) 



We are going to show ||# A (z/ tjL |7 A )| i=0 - | LLa^J^a)^! = °(I A D- Let us 
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start with the following estimate 

f t H A ^M\- ~ f t HA(v t ,L A \lA) lt = = 2 \T L ( U ,i + ) - r £ >,i+)] log^M 
+ J] [[V^J^^)-^(o;^ + )]r^,z + )-[r L (a;,^)-r ZA (c.^ + )]y ZA (a;^ + )] 

(70) 

where we defined B(uj,i + ) := |V^ A (u;,i + ) — V^(o>,i + )| and used the following 
estimate and definition 

T L (u,i + )-T LA (u,i + ) = ^u(drj)c L ir],rf)l u irj) - v{I u )c- Lk {u), J) 
iy(dr) A c)u(l u; \r] A c)[c L (uj A r] A c,u A i] A c) - c Lk {u,uj 1 )] 



^ V [??A^A V ](e-^K-)) A A \ i (e-^K.-A\«)l 



= : A(u,i + )u(l u ). 

We first verify sup w J] ieA ^4(w,i + ) = o(|A|) and sup^ £ fcA B(u,i + ) = o(\A\). 
Let us start with A(u,i + ): In order to see similar terms we define for a given 
second-layer boundary condition inside A, namely u A , and open boundary condi- 
tions outside A, the conditional first-layer probability measures on 

I,lpartiClllar - A "XXX^'- These fractions themself 

constitute again a specification 7 on the second layer. 

In essence we want to exploit the Dobrushin comparison theorem. Since we 
can bound every term by some constant times e*"^" = e*"^" := e K it suffices to 
estimate the distance of the conditional first-layer Gibbs measures HG\i[VA c ^A\i\ 
and p,G\i[u)A\i] applied to the quasilocal functions 

: = e-HiW.-ic) . = X^-HiMi^ and 

: = e -Hi{{oHY,-ic) ^(.) := A(e- #<( -'- <c) l Wi ). (72) 

Notice that we have done similar computations in the section about well-definedness 
of the rotation dynamics. For any fixed first-layer boundary condition w s Q the 
measure fJ>G\i[r]A^A\i\ is uniquely admitted by the specification 

7" ACWAV |ic := f(7" ACWAV |ic)A(>Ac\i)) (73) 
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ficKil^AXi] is admitted by t^^L := ( (7 WAV |ic)A(-|^A c \i) ) , A being finite sub- 
sets of i c . The total variational distance between the two specifications on the site 
I ^ i can be estimated by 

6, := sup ||(7' ,ACWAV |ic),Oi«=\i) - (r^\i*)i(W\i)\\i 

1, if Z e A c , 

^SieA*A II^aI, ifZeA\i. 



where we set a := minfcgn A(fc) and again used je 21 — e y | < |rr — ^|e max (l x l'lfl). 
Notice, for any fixed I when A tends to Z d , because of the absolute summability 
of the Hamiltonian, this goes to zero. We want to estimate 

sup \nG\i[r]AcUJA\i\ OD - A*gv[wa\J (-0D I and 
sup \/J,(Ai[r]AcUJA\i\ (C) - Ag\*[wa\»] ("02 ') I • 
We do this for both terms simultaneously by just writing if) instead of ipi, ip 2 - 
sup \fic\i[ri^A\i\('ip Ui ) ~ ,«G\i[wA\»](V> Wi )| 



r) A cu> A 



SUp \^G\i[VA^A\i\(^) ~ fi G \i[^A\i\(^)\ (75) 



+ sup |//G\*[%<=w A \i](V' Wi ) -^[^waxJC^")!- 

r; A ctJA 

For the second part we have 

SUp |A*G\i[»7A«=WA\i](V' Wi ) - A»G\i[»/A<=WA\i](^ Wi )| ^ SU P II ^ ~ ^ II < K Yj H $A H 

VAC,UA Wi isAcj _ A 

which tends to zero as A /" Z d by the absolute summability of the potential. In 
particular there exists a radius reN such that sup ieA?i _ r ^] ieA ^^ \\*&a\\ < £ f°r an 
centered cubes A„ such that n — r ^ 0. Hence 



1 V V" 1 n^. ii H7-7- II An\A n - 

lAlS 2 I^I<e+||^oI j - 1 ^-r- 

1 fe\„ieActA n 



(76) 



where the r.h.s becomes arbitrarily small as n — > go. 

Let us look at the first part and use the Dobrushin comparison theorem, which 
states 

VACUA VACUA k ^ iMi 

sup ^ J]4(^)^ + sup J] ^ Sn^Dtabi. 

keA\ileAc ^ keA\ileA\i 

(77) 
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Ul. 



As for the second term we have 

ieAkeA\ileA\i ^ leA\i 1 keA\i k ieA ^ 

< Jf £ 6, = o(|A|). 

leA\i 

Indeed we have for all k 



2sup^(^) < e c Yj Yi 6k ^ A "> ^ e ° 2 lll^lll < 00 (78) 

ieA Wi ieA (i,/c}cAcA OeA 

And also SjteA\i Dkl ^ Efc ^ = Efc A),z-fc = ^oj < 00 for all Z. Finally 

1 1 leA\i 1 1 ZeAZeAcjiA 

by the Cesaro argument as in (1T6T) . Let us consider for the first term of (177)) 

2 2 2 su P «y fc (^)D« = 222 su P «y fc (^)D«. (79) 

ieA feeA\i ZeA c Wi ieA ZeA c fceA\i w< 

Notice we assume the model to have the exponential decay property ( jM)) with 
increasing translation invariant semi-metric g on G and again summability of the 
potential in the triple-semi-norm. Thus for all i and I by the triangle inequality 



2 sup 5S Ui )D k i < (sup2e^' fc) sup4(rO)(supe^ fc '') J D M ) < C. 

fceA\i Ui ieA k Wi l ' k 

Hence we can write 

22 2 sup 6 k (r 4 )D k i = C< 2 e- s ^#{i e A : i + j $ A} 

ieA «eA c fceA\i " l jeZ d 

which again tends to infinity slower than |A|. 
Let us look at the next error term in flTUl) 



JO) 



(81) 



j-> i .+v 1 1 A G \iK\i](A(e ff *l w i)) /i GV [a; AV ](A(e-^l w .)) 

^ ) = | log j- _ - log 



VG\i [CA^ AV ](A(e ^l^)) /"G\i[CA^A\i](A(e H ^l^)) 

/"G\i[wA\i](A(e-- ffi l a; i)) - AtG\i[CA«WA\i](A(e- fl ' i l w i))| 
A*G\i [Ca«=wa\<]( A (e-^luj)) 
lAG\i[w A \i](A(e-^l aj J) - / u GV [CA^A\i](A(e- Hl l aj J)| 



(82) 



+ 



A*G\i[Cv«WA\i](A(e-- H il W4 )) 



where we assumed fi G \i[uA\i\(H e Hi l u i)) ^ /iG\i[CA^ A \i](A(e Hl l w i)) and 
AtG\i[^A\i](A(e _ ^ l l tJ J) ^ ^G\i[CA c WA\i](A(e _Hl l w J). In that case as well as in all 
other cases we can follow the exact same arguments as before and get 

^- supJ] B (u,t + ) -Oas A/Z d . ( 8 3) 



|A| 



ieA 
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Let us consider the remaining parts of ( JTU1) . For the last term we have 

supV v(l u )\Vi A (u, «S Ksup V = (84) 

ieA , , ieA 



The first term of (1701) requires some extra care. We verify 

2 okui log 4t4i ^ s su p ^ z+ ) s ji 4t4i = °(i a d- 

w.ieA { u) ieA w w 

(85) 

Since the rates are bounded from below away from zero and bounded from 
above, i.e e" 2||Ho11 < c L (u : uf) < ~ke 2 W H °\ e~ l|ffo11 < c^(w,u/) < fee^oH, e" l[Ho11 < 
ck{oj,u % ~) < fce" H °" and z/ is invariant, i.e. = $(L + aK)\u K dv we have for all 
u;e{l,...,g} A 

" |A| ^ L KU Ki J J " |A| ^ KM |A| ii K«4Ki) (8bj 



Lemma 5.3 Let v e V(Q') be translation-invariant and invariant for the joint 
dynamics. There exists a constant K such that for all finite sets A we have 



I 



v{duj)—}= < K. 

vn w o|wA\o) 



Proof. By the Jensen inequality, it suffices to show this for centered cubes A. 
Let us consider the ^-expectation of (186]) and apply Jensen's inequality 

\A\^J 1 M^Ky) lAI^^J VK(H1)| W av) J 
where we used min/ z/(7) e > 0. 

Remark 5.4 In /act ta/ce A = {0} in ([561) £/&en we /iaue ^7^1 ^ ^ and hence 

^ ( — 1 ^ fc ^ i — u 
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Consider A n := [— n,n] d and m := n — [n K \ with k 6 (0,1). Then the above 
inequality can be further estimated by 

— ^ — V fy(<ia;) — p= 1 > —3— V fy(doj) — - j= . 1 

5 l A n|, : ^iJ ^(^il^AnV) l A "liSvl J V z/ ( w il w (A+ l )v) 



where A is the largest centred cube such that for all % e A m we have A + i a A. 
We used the conditional Jensen inequality in the last line. Because of translation- 

invariance we have — ^ [ u(duj) , = Since yr4 - > 1 for n — > oo and 

eo ^ |A„| J V V yV(w°|w AV) ) l A "l 

A n \A m allows A to become arbitrarily large, the result follows. □ 

Consider centered cubes A n of side-length 2n + 1 and write d r (A n ) :={ieA: 
d(i, A c ) = r} where d(., .) is the uniform norm. We show for z e d r (A n ) 

sup A(u,i + ) «S /(r) (87) 

with lim r ^oo /(r) = 0. Indeed, let us look at ( |75l) again. We can estimate the 
second part by 

sup sup HV?^ - ih || < sup # J] ||$ A ||<ir (88) 

ie5 r (A„) Ui iedr(An) ieA$A n 0eA$A r 



which goes to zero as r tends to infinity. For the first part of (jToj) we have 
sup \/J>c\i['r)A-u A n\i\('<P uli ) ~ &G\i[uA n \i\('ip 0Ji )\< sup J] S k ^h)D M bi 

^su P 2 2^(^)^ + su p 2 2 Skir^Dkik. 89 

^ fceA„\ifcA£ Wi keA n \ileA n \i 

By looking at (180]) we notice for i e d r (A n ) 

sup J] J] 4(^)^-/ < C 2 e"^ < C 2 e"^ < <5 £ e"^ 

Wi /ceA n \ifeA£ feA£ Ze(A n -i) c feA£ 

which goes to zero as r tends to infinity. Let us define m := d(l,A^) for the 
distance between the site I and A c n . For the other summand in ( 189]) we have 

sup 2 2 ^(r^A<X! su p^(^ )S^ S i^i- 

Wi keA»\ileA n \i k w ° I 0eA$A„ i+k+l 

Notice if — > oo then rii + i + k — »■ oo for every fixed /, /c. In particular since 2z -Do.z < 
oo we have for rii —*■ oo 

1 0eA * A " i+fc+i 



(90) 



by the dominated convergence theorem. Similarly to ( 1781) we have 
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and thus for rii — * go we can conclude again with the dominated convergence 
theorem 

k ^ l 0e A$A nt + k+t 

Since — log(x) < < - on (0, 1], we can estimate fl85l) in the following way 

2 2 BU P A( W ,0 f^)|log^f^| 

^2/( r ) Tj [ -logi/^ilwA^OK^) + -logi/(^|w A „\i)^(dw)] 

r=l iea r (A„) J J 



z/(A;|o;av 



(91) 



= 2/(0 S E K^) 1 ^?^ I *W / , r, f ] 

n n 

<2/(r) S [g + ^] = ^S/(r)|5 r (A n )| 

r=l ie3 r (A n ) r=l 

where we used the last lemma in the last line. Since /(r) — » for r — > oo there 
exists ai?EN such that for all r ^ R we have /(r) < e, hence for large n 

-^2/(r)|5 r (A n )| = -^( J] /(r)|5 r (A n )|+|;/(r)|5 r (A n )|)< £ + ^^l 

where the second summand goes to zero as n tends to infinity. We proved ( )85l) . 

Together we see the combined error caused by the approximation vanishes 
from the point of view of difference between time derivatives of relative entropy 
densities, i.e. j t H A {v t ,L\lA)\ t = - J^a^zJta)^ = o(|A|). Together we have 

d d d 

= J t Hx{v t ,L+ a K\li)\ t=0 = ^aO^ITa)^ + a J t H ^t,K\li)\t^ 

and hence with the notation of ( |52|) we can combine the result for the Glauber 
dynamics together with the negative sign of the local rotation approximation and 
the above estimates on the approximation error. We get 

aY i [K A>K (i + ) + K AjK (i-)] < + PA,K(i~))#A t K(i)] + 2-|f a (^,l|7a)|^o 

ieA ieA 

< aC^8 j (c G (- r i )) + 2C\j t H A (u t M)\^ ~ j^a^lJia^J 

ieA j$A 

< aCo(\A\) + 2CKo(\A\) = o(|A|) 

but this implies v is Gibbs. □ 
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